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0 Introduction
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Let:

@ L/K be an extension of (non archimedian) local fields of degree
p", where p is the characteristic of the residue field of K.

@ Dk be the valuation ring of K
@ 9, be the valuation ring of L
@ B3, be the maximal ideal of L.

Suppose L/K is Galois, group G.
Integral Galois module theory seeks to describe all fractional ideals of
L in terms of the G-action.
For he Z, let
Ay = {a € KG: a(P)) C P

We can ask:
@ Is 37 a free 2Ap-module?
Q@ In particular, is O, a free 2 := Ag-module?

Alan Koch (Agnes Scott College) 3/37



Now suppose K =T4((T)),p | g and L/K is purely inseparable.

Then L/K is not Galois, but L/K is Hopf Galois for numerous K-Hopf
algebras H.

For a fixed H, let
Ap = {a € H: aP]) C B}
We will ask:

@ Does L possess an H-scaffold?

@ If so, does the scaffold allow us to determine integral Hopf Galois
module structure?

We will see that the answers to both of these questions are “yes" for a
certain class of Hopf algebras.
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What is an H-scaffold?
It depends on whe when you ask.
Write L = K(x),x"" € K, v (x) = —b < 0,ptb.

Let H be a Hopf algebra which makes L/K Hopf Galois.
Let ¥ > 1 be an integer. Suppose we have {Vs:0<s<n—-1}CH
such that

Ws(x') = isx'P° mod P

forO<i<p’—1,wherei=iy+ip+---+i_1p" "

Then {W;} gives rise to an H-scaffold of tolerance ¥ in the sense of
[BCE].
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e Some monogenic Hopf algebras (review)
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Fix n. Pick r such that r < n < 2r, and pick f € K*.
Define H,,, s = K[t]/(t°") and
p—1

A =t@1+1@t+Y witff o trP=)
=

where w;, = (¢!(p — ).
Then H,, r is a local Hopf algebra with local dual (“local-local”).
Also, Hy .1 = Hy g iff r = r' and f/f € (K*)P™" 1.
The map o : L — L ® H given by
p—1

a(x)=x@1+1@t+ 1) wxPetP-0
=1

gives L the structure of an H,, , ;-comodule and makes L into an
H,, r -Galois object.
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e More duality computations
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p—1
A =t1+1t+F) witff g 7P~
/=1
p—1
aX)=x@1+1@t+1Y wxPle P
/=1

To construct a scaffold, we require an action, not a coaction.

Let H = H*

n,r,f-

We will describe enough of H and its action on L to construct a
scaffold.
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H= H;,r,f J

Recall H has K-basis {z;: 0 < j < p" — 1} with
Zj(Xi) = 5,’7/'.

Multiplication in H comes from comultiplication in H* = H,, , ;.
For example:

Z2(t') = mult(z; ® z1)A(t")
p—1
=mult(zy @ z)(t@ T +1@t+ > wt? ! @ Py
=1
Clearly, z2(t') = 0 for i # 2 and Z2(?) = 2.
Thus, 22 = 22,.
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More generally, 24 =j1z,1<j<p-1.
Even more generally, z{, =j1zp, 1 <j<p—1.

Also, for s < r:

. » _
zgs(t’) = mult(zgs ® Zps) A(t)
p—1
= MUI((—1)Zp_1)ps ® Zps)(t@ T+ 1@ t+ Y wpt?’ @ t7 (P70
=1

=0

since it is impossible to get a nontrivial tP~1P° @ t°° term.

P _
Thus, Zps = 0.
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More complicated for s > r.
For example,

(") = muIt(z}f)’s_1 ® 2ps) A(P°)
p—1
=mult((p — 1)1Z(p_1)ps @ Zps)(t@ T+ 1@ T+ 1Y wtP b @ PPy
=1
p—1
= MU(—Zp 10 @ Z5) (7 1+ 10 8+ P S Wt o #60),
/=1

and t(P~YP° @ tP° occurs when ¢ = p — 1.

Thus,

Z6(tP7) = MUIt(—Z(p_1)ps @ Zps) P wp 1 tP~1P" 0 177 — P
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Generally, if z5s(t') # 0 then

h+pt =(p-1)p°
i _’_prg// _ PS,
where
I=i+hb+i
B=1h1+ B2+ +ip 1
U'=i31+232+ -+ (P—1)hp1<(p—1)i
t"=(p—1)i1+(P—2hz+:+hp1=ps—"{
(p— 1)ps =i+ prf’
ps = o+ pré”.
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: ror . s
h+ P €, = (P=1P" | Need to solve these.
b+pt = p*

| = i1 -+ i2 + i3
3 =131+ ko+" " +ip 1
U'=iz1+23o+ -+ (p—1)p_1 <(p—1)i3
"=(p—1)ig1+(p—2)z2+ - +i3p1=pizg—{
(p—1)p° =i +pt
ps _ I2 _f_prg//

o If i < p¥" then Z0i(t') = 0.
@ If i = p°~" then the solution to the system above is

C=p-1)p> " 0" =p* " iy=ip=0,ig=p> "

@ If p" < i < p*"*1 then there is no solution, i.e., z3(t') = 0.
@ If i > pS~"*1 there can be multiple solutions.
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Example
Letp=3,r=2,s=3,n=4.
It can be shown that z5 = fz;.

But,
23 (x%) = 2f°
z5,(x*°) = 2f?
z3,(x') = 0,i # 3,29.
Thus,

227 = 2f323 T 2f2229

= 2f323 -+ 2f222227

= 2f323 aF f2212227.
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H has K-basis:

{z1zp~- 0<j<p—1}
Remarks:
® {z1,...,2p-1} is not a minimal generating set for H as a
K-algebra.

® {Zpn-r,...Zy-1} is @ minimal generating set.
@ The complete algebra structure for H is:

H = K[zpn-r, .. .zpn_1]/(zgn,,,.. zg, 1,25,,...,2511)

@ The coalgebra structure is, as usual,

j
A(z)=) z©z.,0<j<p"
i=0

which can be rewritten in terms of the generators.
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H has K-basis:

(b2 2 0<js<p-1}

This is the description of H which will be most useful going forward.
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e Hopf Galois action, and a scaffold
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L=K(x),x"" e K,v(x)=-b<0,pth.
a: L — L® His given by

p—1

1 s I
a(X)=x@1+1Qt+ 1) ———xPlgtrP=b)
— tl(p— 1)

The action of Hon L is

Zi(x") = mult(1 @ z)a(x").

So, for example,

X j=0
zZj(x) = 1 J=1
7 (U ) (p— i) P pr|jand j < pr
0 otherwise
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L=K(x),x"" € K,vi(x) = -b<0,ptb.
p—1

1 s I
a(X)=x@1+1Qt+ 1Y ———xPtgtrP=b)
—U(p-1)

zi(x") = mult(1 ® z))a(x").

Let
n—1
i= Z ispS.
s=0

Then:

igx—P° 0<s<r-—1
Zps(X') = ¢ ipxITP" — jfxP (P=1)Fi=T S=r
complicated S>r
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isx! P 0O<s<r—1
Zps(X') = jxi=P — jfxP (p=1)+i-1 s=r
complicated s>r

Example (p=38,r=2,s=3,n=4)

i=35=2(1)+28)+1(27) = ip =2,i1 =2,ib =0,i3 = 1.
This can be verified directly:

Zo7(x%5) = X8 1 2f2x50 | f3x86.

In this “complicated" case, we see an igx'P° term.
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, isx'—P° 0<s<r-—1
Zps(X') = jxi—P ZjfxP (P—1)+i-1 s=r
complicated s>r

vi(x) = —b.

@ For s < reither v, (zps(x')) = oo or

v (Zps(x")) = vi(isX'P") = —b(i — p°) = vi(x') + bp®.
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isx—P° 0<s<r—1
Zps(x') = ‘ ixI=P" — jfxP"(P=1)+i—1 s=r
complicated s>r

@ Either v, (zy(x')) = oo or

Vi(Zor (x')) = vi(ipX" =P — ifxP (P HT)
> min{v(irx"=P"), v (fxP (P=DF=Ty}
> min{—b(i — p), vi.(f) = b(p'(p— 1) +i—1)}.

If vi(f) > b(p'(p— 1) +i—1)) = b(i — p') = b(p"*" — 1) then the
minimum is —b(i — p"). . '
For such an f we have v, (zp(x")) = vi(x') + bp".

We will assume v, (f) > b(p™! — 1) + 1.

(This is nice and legal since H, , = Hnr Tpr+1,1f.)
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Nice and legal

Let H = Hp, = K[t]/(t*"), L = K(x), xP" € K.
Let u = T~'t. Then H = K[u]/(u”") and

Au) = TTA(L)
p—1
=T el +1e T+ Ty #lew®e"
/=1
p—1
=u@l+1eu+ T 'Y (Tu)f' o (TuP P9
=1
p—1
—uet+1eu+ TP 1Y P @ uP (P
{=1
So H= Hn,r,TPH"—‘f'

We'll study this u = Tt substitution more later.
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isx=P° 0<s<r—1
Zps(x) = { ipxP — ifxP P+ s=r

complicated S>r

© Messier, but it can be shown that, with no further restriction on f,
either vy (Zps(x') = oo or

VL (Zpsx") = vi(isx'P°) = —b(i — p®) = vi(x) + bp®.
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Theorem
Every element of the set

{Zps:0<s<n-1}

satisfies
r+1_ 1 )

I

Zps(x') = isx'~P" mod (N0l

and hence {zps : 0 < s < n— 1} forms an H-scaffold of tolerance
vi(f) = b(p™*1 —1) > 1.
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Zoe(x') = igx'P* mod st ~bF ™) J

Letpe L, vi(p) =b.
For example, we could take p = TxP"~".
Foro<j<n-—1,writej=jo+jp+-+j1p"1,0<js<p-1.

Properties
@ vi(z(p)) = b(1 + ).

Q vi(Z--- 2" (p)) = b(1 + ).

pn71

Q {155 Zﬁs(ﬁ) 0 <js <p—1}is a K-basis for L.
©Q b is (the Hopf Galois analogue of) an integer certificate for this

action.
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e Integral Hopf Galois module structure
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Recall K =TF4((T)) and

Ap = {a e H:a(PB]) P},

and we wish to know:

@ is ) a free A,-module?
Q is O, afree A := Ap-module?
We have a scaffold {z,s} of tolerance v, (f) — b(p'*! —1).

If v(f) — b(p"*" — 1) > 2p" — 1, then the scaffold allows us to
determine integral Hopf Galois module structure.

From now on, assume v, (f) > 2p" — 1+ b(p'™1 —1).

This is still nice and legal.
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Still nice and legal

Let H = Hp, s = K[t]/(t7"), L = K(x), x*" € K.
We have a scaffold of tolerance T = v, (f) — b(pt! —1).
Letu=T""t. Then H=H,_ 1yt ip.

Yo (x') = isx™P* mod 7,
T =w (TP b(p™ 1)
=p"(P" - 1)+ T

So we have scaffolds of arbitrarily high tolerance.

Alan Koch (Agnes Scott College) 30/37



Foreach0 < j<p"—1,j=317_jsp5,0<b—h<p"—1,let
. bj+b—h
dn (j) = {jan
wh () =min{d,(i+j)—dy(i):0<i<p’—1,is+js<p—1forall s}.
Then, by [BCE],
@ 2, has O-basis {T Wh /)z")z/1 . z’” L0<j<p" -1 }
@ P! is a free Ap-module if and only if wy, (j) = dj () for all
0 <j < p"— 1; if this equality holds then BI' = Ay, - p, v, (p) =

© O is a free 2A-module if the least nonnegative residue of b divides
(p™—1)forsome1 <m<n.lfso, O =2A-p.

Q If wy (j) # dh (), then PP can be generated over 24, using ¢
generators, where ¢ =
{#i: dp (i) > dn(i—j)+ wp(j) forall0 <j<p™* with js < is}
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An example. Letb=1.Then2 - p" < h<1and

N |j+1=h| [ 1 j>p"—1-h
90 =" = Lo 1201

Since
Wh(f) =min{dn(i+j)—dy(i):0<i<p’—1, is+js <p—1forall s},
we have wy(j) < dp(j) for all j.

So wy(j) = dp(j) =0forallj < p”—1—h.

It can be shown that Wh(j) = 1 for all other j if and only if
h>(1-p")/2, hence P = Ay - piff h> (1 — p")/2.

So B7 is free over 2y, if and only if h > (1 — p")/2.
In particular, O, is free over 2.

This result can be adapted for general h.
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What changes if we use a different Hopf algebra?

Almost nothing.

@ 2, has Ok-basis {T Wh /)z/‘)z/1 - z’” L0 j<p" -1 }

@ P! is a free A,-module if and only if wy, (j) = dj (j) for all
0 <j < p" — 1; if this equality holds then B)' = Ay, - p, v, (p) =

© O is a free 2A-module if the least nonnegative residue of b divides
(P —1)forsome1 <m<n.lfso, O, =A-p.

Q If wy (j) # dh (), then B can be generated over 24, using ¢
generators, where £ =
{#i:dy (i) > dn (i — j) + wp (j) forall0 < j < p™* with js < is}

The only changes are in the multiplication and action of the zs's.
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Recall that H = H, s can acton Lin p"™~1(p — 1) ways.
What changes if we use a different action?

Again, almost nothing.

@ 2, has Ok-basis {T Wh /)z/‘)z/1 z’” L0<j<p -1 } .

@ P! is a free A,-module if and only if wy, (j) = dj (j) for all
0 <j < p" — 1; if this equality holds then BI' = Ay, - p, v, (p) =

© O is a free 2A-module if the least nonnegative residue of b divides
(P —1)forsome1 <m<n.lfso, O, =A-p.

Q If wy(j) # dh (), then BV can be generated over 24, using ¢
generators, where £ =
{#i:dy (i) > dn (i — j) + wp (j) forall0 < j < p™* with js < is}

The only change is in the multiplication of the z,s’s.
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Q Now what?
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Things to think about:

@ Do Hopf Galois scaffolds exist for the more general class H; , ;
(i.e., ford > 1)?

@ From an integral Galois module theory perspective, is there any
reason to pick one Hopf algebra over another, or one action over
another?
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Thank you.

(Again.)
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